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In order to simulate mechanical fatigue phenomena under 
macroscopically elastic condition, the plastic stretching within 
a yield surface has to be described, whilst the plastic strain is 
induced remarkably as the stress approaches the dominant 
yielding state. In this study, a phenomenological plasticity 
model, proposed for the description of the cyclic loading 
behavior observed for typical carbon steels during the high-
cycle fatigue subjected to stresses lower than the yield stress, is 
applied for the prediction of fatigue initiation life. The model is 
formulated based on the unconventional plasticity model and is 
applied for materials obeying isotropic and kinematic hardening 
law. The mechanical responses under cyclic loading conditions 
are examined briefly. Finally, the initiation life of fatigue 
cracking is discussed based on the proposed model with the 
damage counting parameter. 
 
1 INTRODUCTION 
Crack initiation identified from experimental mechanical tests 
is mainly subjected to the damage accumulation which may be 
macroscopically and/or microscopically take the form of the 
cyclic plasticity represented by hysteresis loop and/or 
ratcheting, etc (e.g. [1] , [2] , [3]). Also, fatigue initiation as a 
series of damage accumulation and crack initiation is one of the 
most challenging issues among the fatigue failure processes of 
materials. Therefore, to understand and evaluate the mechanical 
fatigue processes of materials, various cyclic plasticity models 
have been proposed up to the present (c.f. [4]-[9]). Many of 
these models are originally designed for the simulation of 
fatigue process under relatively larger stress amplitude than the 
macroscopic yielding state, which maybe leads to low- or 
extremely low-cycle fatigue. Not to forget, however, the fact 
that the fatigue failure of general steels could be apparently 
induced, even if all stress amplitudes never exceeded the 
macroscopic yield stress. Some experiments, focused on the 
damage accumulation observed in the stress-strain relationships 
under macroscopically elastic state, have revealed that the 
plastic stain is suddenly generated after a certain number of 
cycles, and then the property is often called as cyclic softening. 
Although many cyclic plasticity models have been proposed up 
to the present, the challenging to simulate such experimental 
evidence on the sudden generation of plastic strain under 
macroscopically elastic condition has not been seen much. 
In this article, the unconventional plasticity model proposed by 
authors, describing the cyclic loading behavior of metals not 
only under macroscopic yielding but also under 
macroscopically elastic state ([10], [11]), are applied for the 
prediction of fatigue crack initiation life of the typical carbon 
steels. The model is based on an elastoplastic constitutive 
model adopting a subloading surface (c.f. [7], [9]) and extended 
by incorporating the concepts of the elastic boundary and the 
cyclic damage together with the consistent material functions 
([10], [11]). The model is applied for materials obeying 
isotropic and kinematic hardening law, and then the mechanical 
responses under cyclic loading conditions are examined briefly. 
Finally, the initiation life of fatigue crack is discussed based on 
the proposed model with the damage counting parameter. 
2   EXTENDED CYCLIC PLASTICITY MODEL WITH 
DAMAGE EFFECT 
For the purpose of describing the plasticity phenomena under 
mechanical fatigue conditions, various cyclic plasticity models 
have been proposed (c.f. [4]-[9]). In this study, the normal 
yield, subloading and elastic boundary surfaces, introduced to 
describe smooth elasto-plastic transition with the increase of 
applied stresses ( [7], [9]-[11]), are given follows (see Fig.1): 
= Hσ( ) ( )ˆf F H , 
( ) = ( )f RF H Hσ , 
( ) = ( )ef R F H Hσ . (1) 
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Fig. 1: Schematic illustration of the elastic boundary, the 








F is the isotropic hardening/softening function. The scalar H 
and the tensor H are the isotropic and the anisotropic hardening 
variables, respectively. The function f is assumed homogeneous 
of degree one in the stress . R e is a material function of the 
stress and the plastic internal variables in general, which 
controls the size of the elastic boundary surface.  
 
3   COUNTING THE ACCUMURATED DAMAGE 
For the purpose of describing a smooth evolution and a 
saturation behavior of the accumulated damage during cyclic 
plasticity, the cyclic damage function D is assumed to be given 
as 
13i 2 1( , ) = (1 ) 1 ( / ){ }dd dD d H d d H

  , (2) 
where d1, d2 and d3 are material constants (see Fig.2). Hd is a 
scalar-valued plastic internal variable, which is called the 
damage parameter, representing the magnitude of accumulated 
damage such as the accumulated plastic strain or plastic work. 
In this study, Hd is assumed to be given as 
 
 





Fig. 4: Stress-strain relation predicted by the proposed model 
under monotonic extension loading 
 
d dH H dt

  ,  (3) 
i|| ||= 2 / 3 ( , )p edH D k R R

D ,  (4) 
where D p is a second-order plastic stretching tensor and ki 
(i=1,2,3) are material constants. 
 
4   MECHANICAL RESPONSES  
The definitions on the mechanical parameters to be used in this 
study are given as follows (see Fig. 3), (i) The net cyclic plastic 
strain range p, (ii) The accumulated cyclic plastic strain    
H , and (iii) The center of cyclic loop  . Figure 4 shows the 
smooth stress-strain relation calculated by the proposed model 
under monotonic/uniaxial tension condition. 
Next the performance of describing mechanical response to 
the cyclic stress lower than yield stress is examined by applying 
symmetrical cyclic loadings with a prescribed peak stresses. 
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Fig. 5:  Stress-strain curves for the prescribed number of 











Fig. 7:  Evolution of plastic strain range with the increase of 
number of cycles 
 
 
Fig. 8:  Predicted stable stress-strain curves, together with 





Fig. 9:  N curve obtained based on the stable stress-strain 
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number of cycles N. The mechanical parametersp,   and 
H under these circumstances are plotted against the number of 
cycles in Figure 6. As can be seen from these figures, when the 
number of cycles reaches around 400, the net cyclic plastic 
strain rangespbegin to increase rapidly, and it is up to 
around 600 times, whilst it stops to increase at around 1000 
times.  
Figure 7 shows the relationships between the evolutions of net 
plastic strain ranges p with the increase of number of cycles 
for the wide range of the prescribed cyclic stresses. Here the 
calculation of stress-strain response is stopped at N=107 or Hd 
=10. Figure 8 shows the stress-strain curves at the loading cycle 
achieving Hd =10 for three types of peak stresses together with 
monotonic and obtained cyclic stress-strain curves. From these 
figures we can find that the proposed model has capability of 
predicting the cyclic stress-strain responses under 
macroscopically elastic conditions. 
5   PREDICTION OF FATIGUE CRACK INITIATION 
LIFE 
Now it is assumed that the crack will initiate when the 
damage counting parameter Hd comes to 10 or 20. In Figure 9, 
N curves are plotted as the crack initiation life for Hd =10 
by using the stabilized stress-strain curves. Figure 10 shows 
SN curves for the crack initiation predicted at the instance 
when the damage counting parameter Hd becomes =10 or 20. 
The predicted fatigue life for Hd =20 is almost double of that 
for Hd =10. It is found from these figures that the proposed 
model can capture the basic mechanical properties obtained 
experimentally for the typical carbon steels. Here it should be 
noted that the damage would be accumulated for cyclic stresses 
even below the fatigue limit obtained under the constant 
amplitude condition until N=107. It is due to the feature that a 
purely elastic response will be predicted only for the stresses 
within the elastic boundary surface. The magnitude of the 
damage counting parameter Hd, representing well the initiation 
life until fatigue cracking, should be decided by comparing 
with the corresponding experimental result including S-N and 
-N curves. 
6   CONCLUDING REMARKS 
The proposed elastoplasticity model captures several important 
features of the behavior of metals under cyclic loading, e.g. 
hysteresis loop, cyclic softening and cyclic stress-strain curve. 
The model is based on the subloading surface model and 
extended by incorporating elastic boundary and cyclic damage 
concepts. In this paper, the mechanical responses under cyclic 
loading conditions and the predictability of fatigue crack 
initiation life under symmetrical cyclic loading conditions are 
discussed. 
The highlights of this model and the predicted results are 
summarized as follows. 
1. The proposed model incorporating elastic boundary 
concept describes a smooth elastic-plastic transition. 
2. Depending on the magnitude of the applied cyclic 
stresses under macroscopically elastic condition, plastic strain 
is actualized after certain number of cycles. 
3. The elastic responses are described for the lower stress 
state than that of elastic boundary surface, whilst conventional 
model cannot. 
4. The initiation life of fatigue crack is predicted based on 
the proposed model with the damage counting parameter. 
The validity of the present model, however, should be 
confirmed by comparing with the experimental results on the 
stress-strain responses and life curves under monotonic and 
cyclic loading conditions. Also, the applicability of the 
proposed model for the other loading conditions such as 
ratcheting and multi-axial/step loadings should be checked 
together with the other complex boundary conditions by the 
numerical analyses using FE method. 
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